We investigate the near-equilibrium dynamics of homogeneous holographic models with spontaneously broken translations. We show that the dual hydrodynamic description must include the so-called "configuration pressure" -a novel transport coefficient proposed recently -to reproduce the quasinormal mode spectrum in such models faithfully. While being characteristic of strained equilibrium configurations that do not minimise free energy, we illustrate that configuration pressure is a crucial ingredient even in models with no background strain and affects the low-energy dispersion relations through its temperature derivatives.
Introduction.-Models with broken translational invariance have attracted a great deal of interest in the holographic community in recent years, especially in relation to their hydrodynamic description [1] [2] [3] [4] [5] [6] [7] [8] [9] and their possible relevance for strange metal phenomenology [10] [11] [12] [13] . Particular emphasis has been given to the so-called homogeneous models, e.g. massive gravity [14] [15] [16] [17] ; Q-lattices [18, 19] ; and helical lattices [20, 21] ; due to their appealing simplicity. Despite the sustained activity in the field, there still remain a number of open questions. For instance, it has been unclear what hydrodynamic framework appropriately describes the near-equilibrium dynamics of field theories dual to these models. The authors of [3] wrote down a generic theory of linearised hydrodynamics with broken translations (see also [2, 22] ), which is largely matched by results from holography [8-11, 19, 23-26] . However, the first indication that something might be amiss came from [9] , in the form of a disagreement between the holographic results and the predictions of [3] regarding the longitudinal diffusion mode.
Recently, a new fully non-linear hydrodynamic theory for viscoelasticity was proposed in [5] . At the linear level, this formulation differs from [3] due to the presence of an additional transport coefficient, P, called the lattice or configuration pressure. Physically, P can be understood as a contribution to the mechanical pressure as a result of working around a uniformly strained equilibrium state. In this sense the configuration pressure is analogous to the magnetisation pressure which appears in the presence of an external magnetic field [27, 28] . As it turns out, P is non-zero in the holographic models mentioned above (see [5] ) and, as we illustrate in this letter, consistently explains the discrepancies reported in [9] .
It is misleading, however, to dismiss this new coefficient purely as an artifact of background strain. While P certainly vanishes in an unstrained equilibrium state that minimises free energy, its temperature dependence still carries vital physical information and affects various modes through P = ∂ T P. For scale invariant theories, this leads to a non-zero bulk modulus B = −T P /2, which would be zero in the formulation of [3] . It is expected, therefore, that the discrepancy found in [9] would still be present for holographic models without background strain, e.g. in [19] .
In this letter, we consider the most general isotropic Lorentz violating massive gravity theories in two spatial dimensions [17] . The dual field theories correspond to isotropic and conformal viscoelastic systems with spontaneously broken translations. By carefully studying the quasinormal modes of these systems, and in particular the dispersion relations of the hydrodynamic modes, we illustrate that the dual field theories are perfectly described by the hydrodynamic framework of [5] .
Viscoelastic Hydrodynamics.-Let us start by briefly reviewing the formulation of viscoelastic hydrodynamics from [5] . We will work in d = 2 spatial dimensions. The fundamental ingredients in the theory are the fluid velocity u µ , temperature T , and translation Goldstone bosons Φ I . Moreover, we define e I µ = ∂ µ Φ I , which is used to further define h IJ = e I µ e Jµ ; e Iµ = h −1 IJ e J µ ; h µν = h −1 IJ e I µ e J ν , and the strain tensor u µν = 1 2 (h −1 IJ − δ IJ /α 2 )e I µ e J ν , for some constant α. The constitutive relations of an isotropic neutral viscoelastic system, written in a small strain expansion, are given as
with the thermodynamic identities dp = s dT , = T s − p.
Prime denotes derivative with respect to T for fixed α. These are accompanied by the configuration (Josephson) equations for the Goldstones densities, and G and B are shear and bulk modulus. σ µν is the fluid shear tensor, while η and ζ are shear and bulk viscosities. σ is a dissipative coefficient characteristic of spontaneously broken translations. All of these coefficients are functions of T . The P dependent terms in (1) , which are absent in previous frameworks [3] , have important consequences for the low energy dispersion relation of the hydrodynamic modes. In summary, around an equilibrium state with u µ = δ µ t , T = T 0 , and Φ I = α x I , we find two pairs of sound modes, one each in longitudinal and transverse sectors, and a diffusion mode in the longitudinal sector
Following [5] , the sound velocities v ,⊥ , attenuation constants Γ ,⊥ , and diffusion constant D are given as
Here χ ππ = + p + P is the momentum susceptibility; all functions are evaluated at T = T 0 . Note that the pair of transverse sound modes are not present when G = 0. Instead, they are replaced by a single shear diffusion mode ω = −iD ⊥ k 2 with D ⊥ = η/χ ππ . 1 We can obtain formulas for various coefficients appearing in (1) in terms of the free-energy density Ω, stress-tensor one-point function, and (up to contact-terms) retarded two point functions p = −Ω , = T tt , P = T xx + Ω ,
The bulk modulus B can be obtained indirectly using the v 2 Kubo formula. For our application to holography, we shall be interested in conformal viscoelastic fluids, wherein T µ µ = 0. This leads to a set of identities [5] = 2(p + P) , T P = 3 P − 2 B , ζ = 0 .
(5) 1 The limit G → 0 is subtle and must be performed at the level of the transverse sector dispersion relations,
Taking derivative of the first relation, we also find the specific heat c v = T s = 2(s + P ). Using these, we can derive a relation between sound velocities v 2 = 1/2 + v 2 ⊥ [29] . For conformal theories v ⊥ and Γ ⊥ stay the same as in (3), however the expressions for the longitudinal sector simplify to
Interestingly, apart from the implicit dependence in χ ππ , only D depends explicitly on P, which explains the discrepancy reported in the diffusion mode in [9] . Note that using (5), the bulk modulus can be rewritten as B = (3P −T P )/2. Consequently, a conformal viscoelastic system only responds to bulk stress if P, P = 0. 2
Unstrained Equilibrium Configurations.-In equilibrium states with no background strain, the equilibrium configuration pressure is zero, P(T 0 ) = 0. In this case, momentum susceptibility reduces to a familiar expression χ ππ = + p. Although not particularly useful in the generic case, in conformal limit this can be used to further simplify (6) to
Note that P (T 0 ) = 0, leading to a non-zero bulk modulus B = −T P /2. The occurrence of P in the denominator of D suggests that temperature dependence of configuration pressure still plays an important role in an unstrained equilibrium configuration. Another signature of configuration pressure in a conformal viscoelastic system is the specific heat c v = 2(s + P ) = 2s. In absence of conformal invariance, the effects of P will also contaminate the expression for the longitudinal sound mode.
Holographic Model.-Let us consider a simple holographic model with (d + 2)-dimensional Einstein-AdS gravity coupled to d copies of Stückelberg scalars φ I
Here
is the AdS-radius, which we in the following set to one; and m is a parameter related to the graviton mass. We have set 8πG N /c 4 = 1. For the isotropic case in d = 2, we can generically take V (I IJ ) = V (X, Z) where X = 1 2 tr I and Z = det I [16, 17, 23] . The scalars φ I are dual to the boundary operators Φ I and break the translational invariance of the dual field theory (see [31] and [17] for the specifics of the symmetry breaking pattern). Depending on the boundary conditions imposed on φ I , this breaking can either be explicit, spontaneous, or pseudo-spontaneous [5, 8, 15, 23, 32] . Presently, we shall be interested in models with spontaneously broken translations leading to phonon dynamics in the dual field theory [9, 23, 24, 33, 34] . We consider a black brane solution of (8) in Eddington-Finkelstein (EF) coordinates with the metric
with a radially constant profile for the scalars, φ I = α x I , for some constant α. The radial coordinate u ∈ [0, u h ] spans from the boundary u = 0 to the horizon u = u h .
The emblackening factor f (u) takes a simple form
Linear perturbations around the black brane geometry capture near-equilibrium finite temperature fluctuations in the boundary field theory [23, 30, [35] [36] [37] , which is expected to be described by the theory of viscoelastic hydrodynamics discussed previously [5] . Temperature and entropy density in the boundary field theory are identified with the Hawking temperature and area of the black brane respectively
Here V h = V (u 2 h α 2 , u 4 h α 4 ). Free energy density is defined as the renormalized euclidean on-shell action [38] . The expectation value T µν can be read off using the leading fall off of the metric at the boundary. Using (4), this leads to the thermodynamic parameters
We
assuming V (X, Z) to fall off faster than ∼ u 3 at the boundary. Using these expressions with (5), we can find
Finally, using the results of [4, 8, 11] , we can derive a horizon formula for σ, which reads
and agrees well with the numerical results obtained with the Kubo formula in (4) . The remaining coefficients, G and η, must be obtained numerically.
The non-trivial expression for P in (12) indicates the presence of background strain in these holographic models. This is associated with the equilibrium state φ I = α x I not being a minimum of free energy [19, 24, 39] . To wit, using (12) one can check that dΩ/dα| T = −dp/dα| T = 0 leads to P = 0. However, as is evident from (3), the presence of P by itself does not lead to any linear instability or superluminality [9, 23, 24] . Setting P = 0 in (12), we can find a thermodynamically favored state α = α 0 as a non-zero solution of V h = 3U h . Notice that P | α=α0 = 0, meaning that configuration pressure still plays a crucial role in the dual hydrodynamics through its temperature derivatives, as discussed around (7) . In particular, these models can have non-zero bulk modulus despite being scale invariant.
Simple monomial models considered previously in the literature [17, 23, 24, 30, 36, 37] , such as V (X, Z) = X N , Z M , do not admit P = 0 states with non-zero α. 3 The simplest models admitting states with P = 0 have polynomial potentials such as V (X, Z) = X +λX 2 . Unfortunately, this naive model has linear instabilities (imaginary speed of sound and negative diffusion constant). Nevertheless, it can be used as a toy model to illustrate the importance of P = 0; we refer the reader to the supplementary material for more details.
In the remainder of this letter, we specialise to models with V (X, Z) = X N , Z M and N > 5/2, M > 5/4 to numerically obtain G and η, and test the agreement between quasinormal modes and the hydrodynamic predictions.
Numerical Results.-We can compute the full spectrum of quasinormal modes, in both the transverse and longitudinal sectors, using pseudo-spectral methods following [9, 23, 24, 40, 41] . As we discussed around (6), the configuration pressure does not appear explicitly in the transverse sound modes, leading to the same predictions by [3] and [5] (modulo the definition of χ ππ ). Since the discrepancy in χ ππ has already been identified and tested against hydrodynamic predictions [23, 24] , here we only focus on the longitudinal sector.
We start with V (X, Z) = X N models and compare the hydrodynamic prediction for the longitudinal attenuation constant Γ and diffusion constant D in (3) with the numerical results obtained from the holographic model. The results are shown in fig. 1 . The agreement is extremely good and is valid independent of N . We no longer see a discrepancy in the diffusion mode. Let us now consider models V (X, Z) = Z M . Generically, X-independent potentials V (X, Z) = V (Z) enjoy a larger symmetry group -the dual field theory is invariant under volume preserving diffeomorphisms, modeling a fluid. These models have G = 0, leading to the absence of transverse phonons [17] , and η saturating the Kovtun-Son-Starinets bound [35] . In fig. 2 we show a comparison between the hydrodynamic prediction and numerical results for quasinormal modes for V (X, Z) = Z 2 . The excellent agreement confirms that the hydrodynamic framework of [5] is valid for a general class of viscoelastic models.
Conclusions.-In this letter we have illustrated that the theory of viscoelastic hydrodynamics formulated in [5] is the appropriate hydrodynamic description for the holographic models of [17] with spontaneously broken translations. The theory faithfully predicts all the transport coefficients and the behaviour of the low-energy quasinormal modes in the holographic setup. Moreover, it resolves the tensions between the previous hydrodynamic framework of [3] and the holographic results reported in [9] . This discrepancy had been previously attributed to the presence of background strain in these holographic models, i.e. that the equilibrium configurations do not lie at a minimum of free energy. However, here we argued that such discrepancies are present even in unstrained equilibrium configurations and are accounted for only after including the effects of configuration pressure proposed in [5] . More generally, we expect that the hydrodynamic formulation of [5] will continue to work for all homogeneous holographic models with spontaneously broken translations [6, 7, 19, 20] , due to the same symmetry-breaking pattern. The analysis in this letter opens up the stage for various interesting future explorations. An immediate goal would be to inspect various holographic models for viscoelasticity in the literature, with zero background strain, and identify the role of non-zero P on the quasinormal spectrum. It would also be interesting to better understand the physical role of configuration pressure, which is the crucial ingredient for the matching outlined in this letter.
The addition of a small explicit breaking of translations to the hydrodynamic framework of [5] could also provide an understanding of the universal phase relaxation relation Ω ∼ M 2 /σ (with Ω the Goldstone phase relaxation rate; M the mass of the pseudo-Goldstone mode). This relation was proposed in [11] and was later verified for the models presented in this paper in [8] . It could also provide an explanation for the complex dynamics found in the pseudo-spontaneous limit in [23] .
One may further consider the viscoelastic hydrodynamic theory of [5] beyond linear response in order to explore the full rheology of the holographic models considered in this letter, as initiated in [37] .
In conclusion, this letter marks an important development in understanding the nature of the field theories dual to the widely used holographic models with spontaneously broken translational invariance, and provides another robust bridge between holography, hydrodynam-ics (in its generalised viscoelastic form) and effective field theory.
Notice that the formulas (12)- (13) are not directly applicable to the potential considered in this appendix, since these formulae require that the potential falls of faster than ∼ u 3 at the boundary. G and η have to be found numerically using (4) . We see that P = 0 leading to B = 0 and c v = 2s in these models, as discussed in the main text.
We can also compute the quasinormal modes for this system numerically and compare them against the hydrodynamic predictions of [5] and that of [3] without P . We see in fig. A.1 that the transverse speed of sound v ⊥ is imaginary due to negative shear modulus G; nevertheless predictions from hydrodynamics match perfectly. We again find a discrepancy in D similar to [9] compared to [3] , which is resolved by including P contributions from [5] . Despite the simplicity and linear instability of this model, it shares various features of interest with similar holographic models without background strain, such as the one discussed in [19] . Similar models can also be constructed in the frameworks of [19, 20, [42] [43] [44] . The requirement of thermodynamic stability for isotropic models can be implemented as Ω = − T xx [45] , which according to (4) is precisely P = 0. Irrespective of the particular model at play, while we might be able to set P = 0 by judiciously choosing α in the equilibrium state, we will generically be left with a non-zero P , which must be taken into account in the dual hydrodynamic theory. We leave a careful inspection of configuration pressure in these models to future work.
Holographic Renormalisation.-In this section we give some details regarding the holographic renormalisation underlying the models in this letter.
The bulk action (8) has to be supplemented with appropriate boundary counter terms to have a well-defined variational principle
Here γ µν = lim u→ g µν is the induced metric at the boundary, K is the extrinsic curvature, andĪ
is an appropriate boundary potential fixed by requiring that the on-shell action of the black brane solution (9) to be finite. For instance, in d = 2, for V (X) = X N models with N > 3/2 we haveV (X) = 0, while for N < 3/2 we getV (X) =X/(3 − 2N ), whereX = 1 2 trĪ. For V (X) = X + λX 2 discussed in the appendix, we instead findV (X) =X. In this appendix, we focus on holographic renormalisation for V (X) = X + λX 2 .
To implement spontaneous symmetry breaking for models V (X, Z) = X N , Z M with N < 5/2, M < 5/4, one needs to implement alternative quantisation (see [5] ) for the scalars. 5 More precisely, one needs to deform the boundary theory with a term µ is the covariant derivative associated with γ µν and n a is the outward pointing normal vector at the boundary. The (A.4) term in the action turns Φ I at the boundary into the dynamical operator, while the associated source is now given by the boundary value of Π I . We are interested in dual hydrodynamic models in the absence of sources for the scalars. Hence, in alternative quantisation we impose the boundary conditions lim →0 1 d+1 Π I = 0 .
(A.6) 5 For potentials V (X, Z) = X N , Z M with N > 5/2, M > 5/4, one instead needs to follow standard quantisation in order to have spontaneous symmetry breaking as shown in [24] .
Finally, for the metric we always impose the standard boundary conditions lim →0 2 γ µν = η µν . (A.7)
Note that the background profile for the scalars, φ I = x I , is no longer an external source providing the explicit breaking of translations in the alternative quantisation scheme. This is the fundamental reason why models like V (X) = X, using alternative quantization [5] , realise the spontaneous (and not explicit [15] ) breaking of translations.
